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Abstract 
A cyclic symmetry analysis method is proposed for analyzing the dynamic characteristic problems of thin walled integral im-
peller. Reliability and feasibility of the present method are investigated by means of simulation and experiment. The fundamental 
cyclic symmetry equations and the solutions of these equations are derived for the cyclic symmetry structure. The computational 
efficiency analysis between whole and part is performed. Comparison of results obtained by the finite element analysis (FEA) 
and experiment shows that the local dynamic characteristic of integral impeller has consistency with the single cyclic symmetry 
blade. When the integral impeller is constrained and the thin walled blade becomes a concerned object in analysis, the dynamic 
characteristic of integral impeller can be replaced by the cyclic symmetry blade approximately. Hence, a cyclic symmetry analy-
sis method is effectively used to improve efficiency and obtain more information of parameters for dynamic characteristic of 
integral impellers. 
Keywords: dynamic characteristic; cyclic symmetry; impellers; simulation; finite element analysis; blade 
1. Introduction1 
The impeller is a vital component of an aero-engine 
and compressor. Its quality directly influences the 
whole machinery performance. Recently, the rising 
requests for high property and increased quality have 
caused development of researches on integral impeller. 
Researches are categorized into several directions. A) 
Fluid dynamics simulation and computation in the in-
tegral impellers. For example, using the numerical so-
lution of the state equations for mass, momentum, ki-
netic energy and energy dissipation, the application of 
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CFD simulations is demonstrated for single-phase and 
two-phase flows in cluding both single, multiple and 
various impellers. Optimization of impellers has been 
performed [1-6]. B) Manufacturing technique of integral 
impeller. Lamination deposition technology using high 
energy beams including laser [7-8], electronic beam [9] or 
plasma arc [10-11] can overcome the manufacturing dif-
ficulties to directly attain high density metal parts, 
which makes directly manufacturing the superalloy 
double helix integral impeller possible. C) Dynamic 
and static characteristic research of integral impeller. 
Compute the frequency and response of mode of shape 
by means of simulation and experiment [12-14]. D) The 
new measurement techniques for impellers. Some 
measurement techniques have been proposed based on 
electronic speckle pattern interferometry [15] and holo-
graphy [16] for the impellers. Also, at Nuovo Pignone, a 
technique based on holographic interferometry has 
been developed to analyze vibrations of both turbine 
and axial compressor blades [17]. These measurement Open access under CC BY-NC-ND license.
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techniques are applied to an industrial production for 
impellers. E) Since the impeller is one kind of thin 
walled structures, its dynamical stability issues and 
methods in the cutting process are studied by some 
researchers. For example, Diez Cifuentes, et al. [18] fo-
cuses on the procedures developed to diminish the 
runout effect on milling processes based on dynamic 
correction. Min, et al.[19] adopted a unified method for 
predicting the stability lobes of milling process with 
multiple delays. The unified method is also applied to 
examining the asymptotic stability trends for different 
cutting condition parameters such as radial immersions, 
feed directions, and feeds per tooth and helix angles 
when cutter runout occurs. Tamas modified the 
full-discretization method recently proposed by Ding, 
et al. [20] for the stability analysis of milling processes. 
The rate of convergence estimates is provided for the 
full-discretization method, the zeroth-order, and the 
first-order semi-discretization methods [21]. Mann, et al. 
has applied thetime finite element analysis (TFEA) 
method to get the stability, accuracy and limit cycle 
predictions and compare analytical results with ex-
perimental cutting tests [22]. Stability of up-milling and 
down-milling is studied using alternative analytical 
method by Insperger, et al [23]. 
Considering the complex geometry impeller with 
multi-stage blades and that it is hard to run a finite 
element analysis (FEA) for the whole structure, this 
paper adopts cyclosymmetry algorithm and uses 3-D 
8-node nonconforming element [24] to scatter the inte-
gral impeller system. As the impeller system is cyclic 
and symmetric, it is used to locate the finite element 
model in a reduplicate section. The dynamic character-
istic parameters of impeller are obtained by simulation 
and experiment. Comparison of results between cyclo-
symmetry way and integral analysis has been per-
formed. We find cyclosymmetry algorithm will im-
prove the computation effectively and save cost. The 
computational workload could be decreased and the 
accuracy could also be ensured. Set a basis for the 
parameterization analysis of impeller. 
2. Cyclosymmetry Analysis Theory of Integral
  Impeller 
2.1. Cyclosymmetry analysis theory 
The centrifugal impeller is made up of identical 
segments in the circumferential direction and hence 
constitutes a rotationally periodic structure subject to 
centrifugal force. If one is interested in discretizing the 
whole structure, the core and the time needed would be 
enormous and hence it is advantageous to carry out the 
analysis by taking only one repeating sector. 
When one structure rotates around the central axis 
by an angle$ , it keeps the same as before. It is gener-
ally defined as cyclosymmetry structure. The minimum 
eligible angle min$ is called cycle time. Let 2 /N $  ; 
N must be an integer and is the order of cyclosymmetry. 
Typical 2-D cyclosymmetry structure is annulus. The 
structure is defined by inside radius R1 and outside 
radius R2. As shown in Fig. 1, the annulus is divided 
into mr sectors along the circumference, and each sec-
tor is divided into mr unit cells along the radial direc-
tion. Therefore the whole structure is divided into mr 
unit cells (mr refers to the number of unit cells) and 
each unit cell is divided into nc×nr plane 4-node ele-
ments (nc and nr separately refer to the numbers of 
elements in tangential and radial). In consideration of 
the difference of R1 and R2 along the radial direction, 
the whole structure is not divided into equal pieces 
but into geometric progression pieces. It ensures the 
accuracy of FEA and the right proportions of the unit 
cells, avoiding oversized length-width ratio elements. 
3-D impeller system is a typical cyclosymmetry 
structure. As shown in Fig. 2, the impeller with N 
blades can be divided into identical sec-
tors ( 0,1, , 1)kS k N Ă . Then each mesh sector is 
divided in the same way. 
 
Fig. 1  2-D annulus structure. 
 
Fig. 2  3-D FEA models of whole impeller and single blade. 
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Let each local coordinate system meets the require-
ments of cyclosymmetry. Set sector kS as semi- 
opened semi-closed interval; kS contains boundary kt  
but not boundary 1k kt t T  , and it is called expansion 
sector kS . 
The mass and stiffness matrix of single expansion 
sector can be recorded as ( )km  and ( )kk , which can be 
written in block form. 
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From the viewpoint of symmetrical characteristic, 
the mass and stiffness matrix of each sector is the same; 
we can get total stiffness matrix K of system from each 
of sector stiffness matrix. 
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The characteristic of total stiffness matrix is that 
block row i is formed by the block row 1i   moving 
right by one block column. Matrix with this character-
istic is called block circulant matrix. We can get total 
mass matrix from the assembling of each expansion 
sector’s mass matrix and it is also a block circulant 
matrix. If lumped mass matrix is used, for it is diagonal 
matrix, it also belongs to block circulant matrix. 
Get the equation of motion of the whole system:  
 
  0M K 
 
(1)
 
Eq. (1) does not take damping into account. It is the 
differential equations of motion of system free vibra-
tion, and   means displacement column vectors, M 
means mass matrix.  
2.2. Degree of freedom reduction of whole impeller
 analysis 
The core of cyclosymmetry algorithm is to use the 
circulation symmetry of the structure. To the equation 
of motion of whole impeller, it uses the block circulant 
characteristic of the mass and stiffness matrix, simpli-
fies the equation of motion of total system into a re-
petitive sector, and gets all the modal information of 
total system, which is an exact method of poly-    
condensation. 
Vandermonde matrix 
 0 1 1NV V V " " "V =
T
1 2
1
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which is n-order identity matrix, SV means anyone of 
block matrixes, SNB column vector which constitutes 
one of block matrixes. 
* +1
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where a is constant. Let Vq ,where q is displace-
ment identity column vector. Substitute it into Eq. (1), 
premultiplied by *V (* means conjugate transpose), 
and we get  
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where diag( ), diag( ),r r A B$ .  and 
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where 0,1, , 1,r N """  r$ and r. are n n	 Hermite ma-
trixes. Take a transformation ei tr r
0q 5 ( 0  means 
eigenvalues, r5 transformation vector colunm) when 
the mass and stiffness matrix is symmetric matrix, then 
we get 
 
( 0,1, , / 2)r r r r N0  0 . $ 5* +  (3) 
The nN nN	 -order Eq. (1) of the impeller system 
is changed into / 2 1N  ˈ n n	 -order eigenvalue 
problem. Solving vibration problems with FEA, after 
the formation of mass and stiffness matrix, the main 
part of the solving is to calculate the characteristic 
value. Generally, the computation time of the charac-
teristic value and the cube of degree of freedom(DOF) 
become the direct ratio. If the entirety algorithm is used, 
the computation time and 3( )nN become direct ratio. 
However, adopting cyclosymmetry algorithm, for real 
subspace iteration method, n n	 -order Hermite matrix 
changes into 2 2n n	 -order real symmetric matrix, so 
the computation time and 3(2 )n become direct ratio. 
We can get the time ratio of all characteristic values 
with the entirety algorithm and the algorithm used in 
this article from deducing as follows: 
3
4 6
N
N 
, when 
N is even number; 
3
4 3
N
N 
,when N is odd number; 
this ratio is considerable. When N=36, the ratio is 
338.08 and it can reduce computation time greatly.  
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3. Numerical Simulation of Whole Impeller  
3.1. Modeling and simulation of FEA 
The numerical analysis on centrifugal impeller of 
aero-engine is performed based on FEA. The physical 
parameters of impeller are shown in Table 1. 
Table 1  Physical parameters of secondary centrifugal 
impeller 
Parameter  
designation 
unit 
Modulus of  
elasticity/ 
GPa 
Density/ 
(kg·m
ˉ3) 
Poisson’s 
ratio 
Yield 
strength/ 
MPa 
TC4 108 45 000 0.33 855 
The geometric parameter of impeller is as follows: 
thickness of blade d=1 mm, bottom external diameter 
of wheel R=90 mm, the top inner diameter of wheel 
rT =20 mm, the top external diameter of wheel r=50 
mm, impeller height h=130 mm. Two FEA models are 
separately built. Model 1 is the FEA model of whole 
impeller. Due to the complexity of various surfaces, it 
is meshed with tetrahedron element. The number of 
elements is 578 834. The vibration responses of meas-
uring point 1 and point 2 are selected to compare with 
experimental results. According to practical constraint 
condition, the model is constrained on the top and bot-
tom as Fig. 3(a). Model 2 is the single blade. It is 
meshed with hexahedron element and the number of 
elements is 8 576. The blade is constrained on the posi-
tion where it contacts the wheel (see Fig.3 (b) ). 
 
Fig. 3  FEA model of impeller. 
The whole FEA process is separated into three parts: 
preprocessor, solution and postprocessor. As shown in 
Fig. 4, a cyclic symmetry analysis requires the model-
ing of a single sector which is called the basic sector. A 
proper basic sector represents one part of a pattern that 
if it is repeated N times in cylindrical coordinate space, 
it still yields the complete model. In order to ensure the 
most accurate solution of simulation, it is preferable to 
have identical node and element face patterns on the 
low and high edges of the cyclic sector. And the cyclic 
angle is divided evenly into 360°. The postprocessor is 
available for reviewing analytical results: it allows you 
to review the results over the entire model at specific 
frequencies and modal shape. For the impellor, the 
result is shown in Fig. 5. 
The simulation results indicate that dynamic charac-
teristic of integral impeller is obvious cyclosymmetry. 
Figure 4 shows first sixteen order vibration shapes. 
There separately exists the same vibration shape from 
1st to 12th, and from 13th and 16th. The maximum 
displacement of the first 12 orders cyclically occurs at 
the top of each blade, and then the maximum dis-
placement of the second several orders cyclically oc-
curs at point1 and point 2. Figure 5 shows the 1st and 
2nd order of vibration shape of single blade. It is con-
cluded that dynamic characteristic of integral impeller 
is periodic, symmetric and similar compared with the 
single blade.  
 
Fig. 4  Flowchart of FEM analysis. 
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Fig. 5  Vibration shape of single blade and whole impeller. 
3.2. Experiment analysis for impeller 
The experiment has been conducted on centrifugal 
impeller of aero-engine installed on work platform. 
The transducers are separately mounted on the position 
of measuring point 1 and point 2 (the experimental 
set-up is shown in Fig. 6). The size and structure of 
impeller can be referred to Section 3.1. 
 
Fig. 6  Experimental set-up of impeller dynamical parame-
ters test. 
In order to measure the exciting forces, acceleration 
response and relevant parameters, the following de-
vices are needed: impellers, signal power amplifier, 
piezoelectric dynamic force sensor, acceleration trans-
ducers, data acquisition card and data analytical soft-
ware. 
The exciting force and the acceleration response of 
transducer in the time-domain of input and output are 
shown in Fig. 7. The response in the frequency-domain 
is obtained through fast Fourier transform (FFT) analy-
sis, by means of which the root-mean square values of 
acceleration and force signal are computed. The trans-
fer function analytical diagrams are showed in Fig. 8. 
 
 
Fig. 7  Acceleration transducer and force response signal. 
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Fig. 8  Transfer function analytical diagrams. 
Results show the first two-order frequencies of im-
peller are separately 2 011 Hz and 4 113 Hz. The 
maximum vibration displacement of first two orders 
happens at the end of blade. 
3.3. Analysis of comparison 
Figure 9 shows the comparisons of the first several 
natural frequencies of the impellers obtained using the 
FEA of the whole impeller, cyclosymmetry analysis 
and the test data. The FEA predicts first several order 
natural frequencies and vibration response amplitudes 
at the locations of interest that are consistent with test 
results. As to the errors between experimental tests and 
FEA for modes, it might result from some aspects in 
FEA modeling or boundary conditions. Hence, when 
the integral impeller is restraint and thin walled blade 
becomes a concerned object, the dynamic characteristic 
of integral impeller can be replaced by the single blade 
approximately. The computational workload could be 
decreased greatly and the more useful parameters of 
impeller can be obtained quickly. Furthermore, using 
cyclic symmetry method makes the parameterization 
analysis of integral impellers feasible in the future.  
 
Fig. 9  Comparison of experiment and analysis. 
4. Conclusions 
A new dynamic characteristics analysis method for 
the integral impeller has been proposed. The dynamic 
characteristics of this impeller under certain conditions 
are studied in detail both numerically and experimen-
tally. Results show when the center of integral impeller 
is restrained and thin walled blade becomes a con-
cerned goal, the dynamic characteristic of integral im-
peller can be replaced by the single blade approxi-
mately. Adopting this method not only improves the 
efficiency of calculation, but also lays a foundation for 
parameterization analysis of integral impellers. 
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